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Abstract 

By resorting to the Fock-Bargmann representation, we incorporate the quantum 
Weyl-Heisenberg algebra, g-WH, into the theory of entire analytic functions. The 
g-WH algebra operators are realized in terms of finite difference operators in the 
z plane. In order to exhibit the relevance of our study, several applications to 
different cases of physical interest are discussed: squeezed states and the relation 
between coherent states and theta functions on one side, lattice quantum mechan- 
ics and Bloch functions on the other, are shown to find a deeper mathematical 
understanding in terms of q-WH. The role played by the finite difference opera- 
tors and the relevance of the lattice structure in the completeness of the coherent 
states system suggest that the quantization of the WH algebra is an essential tool 
in the physics of discretized (periodic) systems. 
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1. Introduction 

A great deal of attention and efforts have been recently devoted in theoretical 
physics to the mathematical structures referred to as (7-groupsW'[ 2 ]'[ 3 L 

The basic features of these structures appear now pretty well understood, 
and promise to be very rich of physical meaning, even though some properties 
still deserve more study to be fully under control. The interest in (/-groups arose 
almost simultaneously in statistical mechanics as well as in conformal theories, in 
solid state physics as in the study of topologically non-trivial solutions to nonlinear 
equations, so that as a matter of fact, the research in (/-groups grew along parallel 
lines from physical as well as from mathematical problems. 

The dual structures to (/-groups, are the so called (/-algebras: actually by a now 
almost universally adopted convention, the name (/-groups designates (/-algebras 
as well, which are instances of Hopf algebras^. 

g-algebras are deformations in the enveloping algebras of Lie algebras for 
which, contrary to the latter, the relevant Hopf algebra features are highly non- 
trivial, whose structure appears to be an essential tool for the description of com- 
posed systems. The general properties of g-algebras are better known than those 
of (/-groups, in particular for the specific characteristics which relate them with 
concrete physical models, due to the complexity arising from the C*-algebra prop- 
erties of (/-groups. 

Among the g-algebras, the non-semisimple ones are less easy to handle, as in 
fact it happens in general with non-semisimple structures. We shall here focus our 
attention on the (/-deformation of the Weyl-Heisenberg algebra. The WH algebra, 
admits two inequivalent deformations: one which is properly a (/-algebra^ 5 ! , the 
other (on which we shall focus here our attention, denoting it as g-WH, often 
referred to in the mathematical literature as osp q (2 11)), originated by the seminal 
work of Biedenharnt 6 ! and MacFarlane^, which is characterized by the property 
that the intrinsic nature of superalgebra - proper also to the WH algebra itself - 
plays a non-trivial role, in view of the form of the coproduct. It can therefore be 
referred to Hopf superalgebra^ 

The g-WH algebra has had - in analogy with the non-deformed case - several 
applications in physics, such as the "quantum" harmonic oscillator, g-coherent and 
squeezed states, Jordan- Wigner realizations, and so on. 

In this paper we cast the study of the g-WH algebra in the frame of the Fock- 
Bargmann representation (FBR) of Quantum Mechanics (QM). We show that the 
analytic structure of the Lie algebra is fully preserved, and we can therefore operate 
in a scheme where analyticity is ensured. 
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As a first step we present a realization of the g-WH algebra in terms of finite 
difference operators. As a result of this we are led to recognize that whenever a 
finite scale is involved in a self-contained physical theory, a (/-deformation of the 
algebra of dynamical observables occurs, with the (/-parameter related with the 
finite spacing, namely carrying the information about discreteness, (/-deformation 
is also expected in the presence of periodic conditions, since periodicity is but a 
special form of invariance under finite difference operators. 

The analytic properties of the FBR together with the von Neumann lattice 
topological structure in the complex plane, make then the relation between the 
g-WH algebra and the coherent states (CS) in QM manifest. Here, we obtain a 
formal relation between the coherent state generator and the commutator of g-WH 
creation and annihilation operators, which is thus recognized to be an operator 
in the CS space. Moreover, theta functions, in terms of which CS are expressed, 
also admit a representation in terms of (/-deformed WH commutators on the von 
Neumann lattice, allowing us to get further insight in the basic unity of the various 
structures. 

One additional successive step in the understanding of the physical meaning 
of (/-deformations is then achieved by realizing that the commutator of (/-WH 
creation and annihilation operators acts, in the FBR, like the squeezing generator 
for CS, a result which confirms a conjecture, previously^ 10 ! formulated, whereby 
(/-groups are the natural candidates to study squeezed coherent states. 

Establishing a relation between CS and the (/-WH algebra is of course of 
great interest in view of the numerous interesting physical applications of the CS 
formalism, and it may also open rich perspectives in Quantum Field Theory where 
the CS formalism is the key to study vacuum structure and boson condensation. 

The relevance of (/-deformation to discretized system physics naturally leads 
us to analyze the structure of Lattice Quantum Mechanics (LQM) . We study it in 
configuration space as well as in momentum space and show that LQM is charac- 
terized in both cases by the algebra E(2). We complete the analysis of LQM by 
presenting the lattice CS, optimizing the lattice position-momentum uncertainty 
relation. (/-WH turns out to be the algebraic structure underlying the physics of 
lattice quantum systems. We find that the commutator between (/-WH creation 
and annihilation operators acts as generator of the U(l) subgroup of E(2), giving 
rise to phase variations in the complex plane. In this context, in the presence 
of a periodic potential on the lattice, there emerges naturally a relation between 
the (/-WH algebra and the Bloch functions, which further confirms the conjectured 
deeply rooted presence of (/-deformation within the dynamical structure of periodic 
systems. 



3 



As a general remark, we would like to stress that it is only by fully exploiting 
the FBR that we succeed in incorporating (/-deformation of the WH algebra into 
the theory of (entire) analytical functions. Such result may deserve by itself fur- 
ther attention: in this way, indeed, it appears possible to elucidate the deep role 
of g-WH algebra in the physics of lattice quantum systems, coherent states and 
squeezing. 

One result of our analysis which also is remarkable and which will be widely 
used in the following sections is the one which shows that the action of linear op- 
erators of g-WH algebra may be represented in the FBR as the action of nonlinear 
operators realized in FBR, e.g. the CS displacement operator. 

In this paper we do not pursue to its full extent the study of the role played 
by the complete Hopf (super-) algebra structure of g-WH, that we expect to enter 
into play when the analysis described here is extended to more degrees of free- 
dom. In particular, we believe the notion of co-product will provide the way of 
encompassing in a unique structure the non-trivial topological features proper to 
the extension to higher dimension of theta functions, and hence to several degrees 
of freedom of coherent states. Such an analysis needs further and deeper for- 
mal investigation, which goes beyond the task of present paper (concerned mainly 
with the possibility of relating the g-deformation parameter with some physical 
quantity) and which we plan for future work. 

Through this paper we shall use units such that all relevant physical quantities 
are dimensionless. 

2. g-Weyl-Heisenberg algebra, Fock— Bargmann representation and fi- 
nite difference operators 

The Weyl-Heisenberg algebra is generated by the set of operators {a,a^,I} 
with commutation relations 

[a,a f ]=I , [N,a] = -a , [N, a^} = a) , (2.1) 

where N = a'a. The Fock space of states K, is nothing but the representation of 
(2.1) generated by the eigenkets of N with integer (positive and zero) eigenvalues. 
Any state vector \ip > in /C is thus described by the set {c n \c n G (D } defined 

oo 

by \ip > = c n \n > , i.e. by its expansion on the complete orthonormal set of 

n=0 

eigenkets {\n >} of N. 

The intrinsic nature of superalgebra of such scheme is manifestly shown by 
noticing that, upon defining H = N + |, the three operators {a, a" 1 ", H} close, on 
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/C, the relations 



{a,a t } = 2# , [H,a] = -a , [H, a?] = a) , (2.2) 

that are, once more on /C, equivalent to (2.1). 

We shall show in the sequel that the physical interpretation of quantum al- 
gebraic structures in the frame of discrete systems stems out, quite naturally, 
from the quantization of the latter form, which - contrary to the quantization of 
(2.1) of ref. [5], which preserves the nature of algebra - preserves the nature of 
superalgebra. 

The quantum (deformed) version of (2.2), g-WH, is, in terms of the set of 
operators {a q , a q ,H; q e (D} (where H is assumed to be the same as in (2.2))[ 8 ^ 9 h 

{a 5 ,aj = [2ff]^ , [H,a q ] = a q , [H,a q ] = -a q , (2.3) 

where we utilized the customary notation 

_ — q z 

[ x \q = T nr~ • 

q 2 — q 2 

The g-WH structure defined by (2.3) together with the related coproduct 

A(H) = H <g> I + I <g> H A(N) = + N + ±1 <g> I , 

A(a q ) = a q <g> q* H + q~^ H <8> a q , A(a 9 ) = a q <8> q^ H + q~^ H <8> a q , 

is a quantum superalgebra (graded Hopf algebra) and, consequently, all relations 
(2.3) are preserved under the coproduct map. 

In the space /C (i.e. in the space spanned by the vectors {\n > \ n G INI}), 
eqs.(2.3) can be rewritten in a more familiar equivalent form^'^'t 9 ], which makes 
them more explicitly analogous to the undeformed case: 

a q a q - q~^a q a q = q^ N , [N,a q ] = -a q , [N, a q ] = a q ; (2.5) 

or, by introducing a q = a q q N ^ 2 , 

[a q , a q ] = a q a q - a q a q = q N , [N, a q ] = -a q , [N, a q ] = a q . (2.6) 

It must be stressed that (2.1) is a true Hopf algebra, whereas (2.5) and (2.6) 
are only deformations at the algebra level of (2.1). Thus (2.3-4) is the relevant 
mathematical structure of our problem. We prefer however to resort henceforth 
to (2.6) - even though the whole discussion which will follow could, in principle, 
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be based on (2.3) - since it is perfectly correct as far as we remain in /C (and in 
its representations) and it is the most similar to the usual form (2.1) of the WH 
algebra. 

q will be assumed to be any complex number, except in Sect. 5, where it will 
be restricted to be unimodular. The notion of hermiticity for the generators of 
g-WH associated with complex q is non trivial and has been studied in ref. [10] 
in connection with the discussion of the feature of squeezing of the generalized 
coherent states (GCS) q over K, t 10 L 

The basic point of this paper is the functional realization of eqs. (2.6) by 
means of finite difference operators in the complex plane, in the Fock-Bargmann 
representation (FBR) of Quantum Mechanics I 11 ^ 12 !. In the FBR state vectors 
are described by entire analytic functions, contrary to the usual coordinate or 
momentum representation, where no condition of analyticity is imposed. 

The Fock-Bargmann representation of the commutation relations (2.1) is: 

N -> z— , a f -> z , a -> 4" . (2.7) 

dz dz 

The corresponding eigenkets of N (orthonormal under the usual gaussian measure 
dfj,(z) = — e - ' 2 ' dzdz) are 

7T 

u n {z) = -Z— , u Q {z) = 1 (n e M + ) . (2.8) 



The FBR is the Hilbert space generated by the u n (z), i.e. the whole space T 
of entire analytic functions. To each state vector \ip > is associated, in a one-to-one 
way, a function tp(z) G T by: 

oo oo 

\ip >= J^c n |n > -> ip(z) = ^2c n u n (z) . (2.9) 

n=0 n=0 

Note also that, as expected in view of the correspondence /C — > T (induced by 

\n u n (z)), 

a) u n {z) = \Jn + 1 u n+ i(z) , a u n (z) = \fn u n -\(z) , 

d ( 2 - 10 ) 

N u n (z) = a) a u n {z) = z— u n (z) = n u n (z) . 

az 

(2.10) establish the mutual conjugation of a and in the FBR, with respect to 
the measure d/i(z). 
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Let us now consider the finite difference operator V q denned by: 

f(qz) - f(z) 



(q-l)z 



(2-12) 



with f(z) G T , q = , £ e <D . X> g is the so called (/-derivative operator! 13 ], 
which, for q — > f (£ — > 0), reduces to the standard derivative. By using (2.8) and 
(2.10), it may be written on T as 



V q =((q-l)z) 1 (q z & -l) =q*&- 



d 

dz 



(2.13) 



Consistency between (2.12) and the latter form of V q can be proven by first 
"normal ordering" the operator {z-^) n in the form: 



n n 



Jra 
(m) m _ 

n dz^ 



(2.14) 



where denotes the Stirling numbers of the second kind, defined by the recur- 
sion relations ^ 14 1 



,(m) 



m 



<j(™) + < < >( m ~ 1 ) 



(2.15) 



and then expanding in formal power series the exponential (V ^ - i) , keeping i 
mind the identity: 



1 00 an 



(2.16) 



V q satisfies, together with z and the commutation relations: 



[V q ,z]=q e & , 



Z — ,V q 



= -v. 



q > 



dz 



— z 



(2.17) 



which can be recognized as a realization of relations (2.6) in the space J 7 , with the 
identification 



N 



d 

dz 



a q -> z 



a q —>V q , 



(2.18) 



with d q = d q= \ = a) and lim^i a q = a on T. Let us stress that, while (2.17) 
are restricted to JF, the operators (2.18) are related to the true algebraic structure 
(2.3-4). This must be carefully kept in mind when considering their action over 



7 



The relations analogous to (2.10) for the quantum case are 



a q u n (z) = \Jn + 1 u n+ i{z) , a q u n (z) = q 2 -^J u n -i(z) . (2.19) 

There follows that the (/-commutator [a q , a q ] is defined on the whole T 1 where 
it acts as 

[a q ,a q ]f(z)=q N f(z)=f(qz) . (2.20) 

Because quantization of the algebra has been essentially obtained by replacing 
the customary derivative with the finite difference operator, the above discussion 
suggests I 15 l that whenever one deals with some finite scale (e.g. with some discrete 
structure, lattice or periodic system) which cannot be reduced to the continuum 
by a limiting procedure, then a deformation of the operator algebra acting in T 
should arise. Deformation of the operator algebra is also expected whenever the 
system under study involves periodic (analytic) functions, since periodicity is but 
a special invariance under finite difference operators. 

We finally note that eq. (2.20) provides a remarkable result since it shows 
that the action of the g-WH algebra commutator [a q , a q ], which is a linear form in 
a q and a q , may be represented in the FBR as the action of the operator q N which 
is nonlinear in the FBR operators a and a) . 

In the sections to follow, we shall apply such a result as well as the concepts 
discussed above to several different cases of physical interest. 

3. (/-Weyl-Heisenberg algebra and coherent states 

In this section we shall discuss the connection between the g-WH algebra 
and the CS formalism, exploiting the theory of entire analytic functions. More 
specifically, as an application of the result expressed by eq.(2.20), we shall show 
that the action of the commutator [a q , a q ] may be related in the FBR to the action 
of the CS displacement operator. 

The Fock-Bargmann representation provides a simple and transparent frame 
to describe the usual CSt 12 ^ 16 !, which are written in the form: 

\a >= V(a)\0 > ; a\a >= a\a > , a|0 >= , a G <D , (3.1) 

-\^2u n (a)\n> . (3.2) 

' n=0 



a >= exp > —^=\n >= exp 
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The relation between the CS and the entire analytic function basis {u n (z)} 
(eq. (2.8)) is here made explicit: u n (a) = ei' Q ' < n\a >. The unitary displace- 
ment operator T>(a) in (3.1) is given by: 

T>(a) = exp(<W — aa) = exp^— -^-^ exp(<W) exp(— a a) , (3.3) 

for which the following relations hold 

V(a)V(0) = exp(Um(aP))V(a + 0) , (3.4) 

V(a)V(f3) = exp(2Um(aj3))V(P)V(a) . (3.5) 

Eq. (3.4) is nothing but the WH group law, also referred to as the Weyl 
integral representation. 

It is well known that, in order to extract a complete set of CS {|a n >} , 
from the overcomplete set {\a >} it is necessary to introduce a regular lattice L 
in the ct-complex plane I 11 ^. The points (lattice vectors) a n of L ({a n G (D ; n = 
(ni, 77-2) ; rij G 2L}) are given by a n = nifii + 712^2 = n • fl, with the two lattice 
periods Qj , j = 1,2 linearly independent, i.e. such that ImOi02 7^ 0. 

By closely following ref. [12], we recall that the set {|a n >} (with exclu- 
sion of the vacuum state |0 >= |cto >) can be shown to be complete, invoking 
square integrability along with analyticity ^ 17 \ if the lattice elementary cell has 
area ImOi0 2 = tt (L is called, in this case, the von Neumann lattice). 

The lattice vectors a n describe the discrete translation invariance of L: 

"n+m =«n+«m , (3.6) 

namely, 

e° n ^|« > | Q=am = |«n+m > • (3.7) 

We now map the denumerable set of points a n onto the set {z n \z n G C} 
with z n = e a ". Assuming that the two periods fii and ^2 have imaginary parts 
incommensurate with 7r and among themselves, such a map is one-to-one and no 
point z n lies on the real axis in the z plane (notice that the set {z n } does not 
constitute a lattice in z, but it has the structure of concentric circles of radius 

e Rea n ^ 

On the other hand, the function z = e a , which most naturally interpolates 
among these points, is analytical in its domain of definition, and one may in- 
troduce, along with the basis functions {u n (a)} the new functions {u n {z) = 
u n (lnz) = u n (a)}, with u n (z) G T. 
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Introducing the complex parameter g m = e Qm , it is then straightforward to 
check that, in T , 



[ a q m ->a q J\u n {z) = q m Zdz u n (z) = u n (q m z) = u n (a + a m ) = q m da u n (a) , (3.8) 

where we used eq. (2.20). We have, therefore, 

[ a q^a q J\f m {z)\ = f m (q n z r ) = f m (a r + a n ) 

_A_ (3-9) 
= <?n dQ /m(a)| a=Qr = exp(-ilma n a r ) < m\V(a n )\a r > , 

\a\ 2 

where we utilized eq. (3.4), together with the notation f m (a) = exp( —)u m (a). 

The operator [a q ,a q ] \^_^ , which realizes the mapping f(z m ) i— > f(q n z m ), 
can, in such way, be thought of as extendible to the map on the ct-plane \a m >\— > 

l^n+m ^* • 

We also observe that in the FBR we have, for any / G 

P(/?)/(«) = expf-^exp(«/?)/(«- / 5) , feF , (3.10) 



2 

so that, in view of eq. (3.8), we can write, for q = e^ and, once more, z = e a , 

[a qi a q ]f(z) = e^ 2 <fV(-0f(a) . (3.11) 

Eqs. (3.9) and (3.11) show the relation between the g-WH algebra operator 
[a q , a q ] and the CS displacement operator, establishing a relation between the 
quantum algebra (2.6) (or equivalently, at this level, (2.3)), in the frame of the 
theory of entire analytical functions, and the theory of CS. 

Once more we are led to conclude that the existence of a quantum deformed 
algebra signals the presence of finite lengths in the theory and provides the natural 
framework for the physics of discretized systems, the (/-deformation parameter 
being related with the lattice constants. 

The lattice structure is also of crucial relevance in the relation between theta 
functions and the complete system of CS. 

In order to establish such a relation, we look for the common eigenvectors \6 > 
of the CS operators V(a n ) associated to the regular lattice L I 12 l A common set 
of eigenvectors exists if and only if all the T>(a n ) commute, i.e. when the T>(Qj) 
commute, as indeed it happens on the von Neumann lattice (cf. eq.(3.5)). 

The eigenstates \9 > are characterized by two real numbers e\ and €2, \9 >= 
\9 e >, eigenvectors of 

V(Qj)\e e >= e i7rej \9 e > , j = 1,2 , < ej < 2 . (3.12) 
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In other words, \9 € >, which belongs to a space which is the extension! 12 ] of the 
Hilbert space where the operators V(a) act, corresponds to a point on the two- 
dimensional torus. The action of T>(a) on \9 £ > generates a set of generalized 
coherent states. Use of eqs. (3.12) and (3.4) gives 

V(a m )\9 e >=e™ F ^\9 e > , (3.13) 

with a m = m • fi, an arbitrary lattice vector, and 

F e (m) = mim 2 + m\e\ + m 2 e 2 . (3-14) 

On the other hand, the system of CS is associated, in the FBR, with a correspond- 
ing set of entire analytic functions, say 9 £ (a). Eq. (3.10) with shows 
that eq. (3.13) may be written as 

9 e (a + a m ) = exp(z7rF e (-m)) exp ^°^ ^ exp(a m a)6> e (a) , (3.15) 

which is the functional equation for the theta functions I 12 ]-! 18 ]-! 19 ]. We emphasize 
that such relation is obtained by considering the CS system corresponding to the 
von Neumann lattice L. The relation with the g-WH algebra is established by 
realizing that in T the functional equation (3.15) reads 

[ a q m ,a qm }9(z) = 9(q m z) = exp(z7rF e (-m)) exp ^°^ ^ exp(a m a)0 e (a) . (3.16) 

It is interesting to observe that the commutator [a q , a q ] acts as shift operator 
on the Von Neumann lattice whereas it acts as ^-dilatation operator (z — > qz) in 
the space of entire analytic functions or, else, as the U(l) generator of phase 
variations in the z-plane, arg(z) — > arg(z) + 9, when q = e %e . 

It is remarkable that eqs. (3.8), (3.9) and (3.11) represent the action of the 
g-WH algebra commutator [a q , a q ], (bi-) linear in a q and a q , through the action of 
the CS displacement operator which is nonlinear in the FBR operators a and a* . 
Conversely, the nonlinear operator V(a) is represented by the linear form [a q , a q ] 
in the g-WH algebra. 

4. g-Weyl-Heisenberg algebra and the squeezing generator 

Over a Hilbert space of states identified with the space T of entire analytic 
functions i/j(z), the identity 



n d , 1 
2 ^ = 2 



d \ 2 / d x 



^ dz ) V dz 



1 (4-1) 
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holds. In the present section we set z = x + iy, x denoting the position coordinate 
variable. For convenience, we introduce the operators 

a = T2 {z + i ] ■ a " = T2 {z -^ • |a - a,1 = I ■ (4 ' 2,l) 

namely, in terms of the FBR operators a and at, 

z = —=(a + a^) ^a , = —=(a — at) — > at . (4.26) 

One should notice that, in JF, at is indeed the conjugate of a, as thoroughly 
discussed in Ref. [10] (see also [12]). We observe that, in the limit y — > 0, a and at 
turn into the conventional annihilation and creator operators a and at associated 
with x and p x in the canonical configuration representation, respectively. 

We shall now prove that the operator 

[a q ,a q ] = ±= exp^(a 2 -at 2 )) = -Ls(0, (4.3) 

where q = (for simplicity, assumed to be real), which reminds the squeezing 
operator of quantum optics ^ , acts indeed in T as well as a squeezing operator 
in the configuration representation in the limit y — > 0. 

We note first that, as it is well known! 20 ], the right hand side of (4.3) is 
an SU(1, 1) group element. In fact, by defining K_ = |ct 2 , lf+ = ^ct^ 2 , K z = 
|(ata + j)) one easily checks they close the algebra su(l, 1). 

We have also (see eq. (2.20)): 

[a q ,a q ]ip(z) = ex.p(Cz-^jip(z) = -^exp(-(a 2 - a ]2 )^(z) 

\ VQ 1 (4.4a) 

with ips(z) the squeezed states in FBR, and in the y — > limit (still in J 7 ) 

S-\CWS(C)^S-\CWS(0 (4.46) 
S- 1 (()zS(0 = ] -z^ ] -x , S- 1 {Q Pz S{Q = qp z ^qp x , 

where p z = —i-^-- We thus see that in the limit y — > 

02 



/ 
/ 



(4.5) 
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so that the root mean square deviations Ax and Ap of position and momentum 
satisfy 

AxAp=^ , Ax = ^y| , Ap = q^- . (4.6) 

Manifestly the (/-deformation parameter plays here the role of squeezing parameter 
and the commutator [a q , a q ] acts, up to a numerical factor, like the conventional 
squeezing generator with respect to the operators a and . 

Let us finally observe that, in view of the holomorphy conditions holding for 

ft--) e F 
one finds 

d d d . d . d . d , . 

= = x t~ + % y~r = ~ lx ~r + z ^t~ = x Py ~ VP* = L ' ( 4 - 8 ) 

dz dx dx dx dy dx 

with L an angular momentum operator. This implies that, for £ = with real, 
the commutator [a q ,a q ] acts in T as the group element 

[a q ,a q ] = e ieL . (4.9) 



5. Lattice Quantum Mechanics and Bloch functions. 

In this section we first recall the structure of Lattice Quantum Mechanics 
(LQM) and then relate it to g-WH. For completeness we also construct lattice CS 
minimizing the lattice position-momentum uncertainty relation. Finally, we close 
with an application to Bloch functions. 

We limit ourselves to 1-dimensional lattice: the extension to more dimensions 
requires the accurate use of the coproduct in the quantum-algebraic scheme, and 
we do not extend our analysis to such a case in the present paper. 

A 1-dimensional lattice quantum system is defined on the configurational 
Hilbert space Q = l 2 (e2L), where 7L denotes the set of integers n and e is the 
lattice spacing. The (hermitian) position operator, x e , is defined by 

[x e f](x n ) = x n f(x n ) = enf(x n ) , feG , (5.1) 

whereas the (hermitian) lattice momentum operator p e is defined by 

\p e f](x n ) = -i[V e f](x n ) , (5.2) 
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where T> e is the symmetrized, finite difference gradient 

[VJ](x n ) = (2e)- 1 [f(x n+1 ) - f(x n -i)] . (5.3) 

In this section we use the finite difference operator V e , which is slightly different 
from V q , to follow the conventional use in the literature on LQM. The relation 
between the two operators is manifest: V £ = \{Dq n + T) g „_ 1 ), with q n = 1 + n~ x . 
The dual momentum-space representation of the above operators is simply 

[xj](k) = i-^f(k) , (5.4a) 

[pj](k)=e- l sm(ke)f(k) , (5.46) 

respectively, where f(k) is the Fourier conjugate of f(x n ), k belonging to the first 
Brillouin zone (BZ), \k\ < ir/e. 

Over Q one has the following commutation relation between position and 
momentum 

[[&e,Pe]f](Xn) = \ (f(x n +l) + /(x n _i)) = i[P e f}(x n ) ■ (5.5) 

The operator P e has the following explicit expression. Consider the set of entire 
functions f(x) whose restriction to the lattice points x n is the set {f(x n )}: then 
P e is given by P e = cos(ep) , with p = — i-^, as it follows from 

f(x n ±i) = f{x n ± e) = [exp(±iep)/] (x n ) . (5.6) 

The operators P e , p e and x e generate the algebra E(2): 

[x e ,p e ]=iP e , [x e ,P e ] = -ie 2 p e , [P e ,p e ]=0 , (5.7) 

which contracts to the Weyl-Heisenberg algebra in the limit e — > 0: the discrete 
lattice spacing e plays thus the role of deformation parameter. 

Upon introducing, in momentum space, the angle = ke, —it < <fi < n, 
ranging on the whole unit circle, we set 

did 

L 3 = -i— = — , Li = cos0 , L 2 = sin</> . (5.8) 

dq> e dk 

The algebra (5.6) takes then the more customary E(2) form 

[L3,L!]=zL 2 , [L 3 ,L 2 ) = -iL 1 , [L u L 2 } = . (5.9) 
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It is interesting to observe that eqs. (5.8) and (5.9) correspond to the ones reported 
in ref. [21] in the framework of a discussion on the phase-angle commutation 
relations. 

In order to show that the structure underlying LQM is, once more, g-WH, 
we introduce now - as in sect. 3 - a conformal image JF of the configurational 
Hilbert space Q in the following way. We map the denumerable set of lattice points 
x n = en onto the set of points z n = e lXn on the unit circle. Assuming that r\ = — 
is an irrational number, such a set {z n } is dense on the circle, z n ^ z m for n ^ m 
and the number of lattice points mapped on each single image of the circle is the 
maximum integer less than r\. The function z = e lx (not to be confused with the 
z variable introduced in sect. 4), which most naturally interpolates among these 
points, is analytical in its domain of definition. One may therefore introduce the 
function f(z) = f(-ilogz) = f(x), provided the bridging of the cut is realized by 
the customary analytic continuation of the log function. We have 

i[pf](x) = -^-f(x) = iz-^-f(-ilogz) =iz^-f(z) , z = e lx , / e F . 

(5.10) 

Once more, we restrict the space T to the space of the functions {f(x n ) \ f G 
JF} over the lattice points x n . 

Upon noticing that the operators = e lx , A = —ie~' lx -^, N = — i-^ = 
p provide a realization of WH-algebra, the form of A^ suggests that the same 
realization of FBR may be adopted in T ({f(x n )}) for the LQM as well. Eq. (5.6) 
now implies 

f(x n+1 ) = [e^f](x n ) = q N f(z n ) = f(qz n ) = f(z n+1 ) , (5.11) 

where we have set e ie = q, and used eq. (2.20). 

This makes clear that the algebraic structure of LQM is intimately related 
with the g-WH algebra, the (/-deformation parameter being determined by the 
discrete lattice length e = — i log q. 

The same conclusion can be reached by constructing LQM in momentum 
space. In such a case one has to consider a conformal image H of the Hilbert 
space in the momentum representation, by setting z = e 1 ^ , so that (cf. eq.(5.8)) 

. d i d d ^ 

d(p e dk dz 

On the other hand, 

L * f ^ ) = ~ l ^ f ^ ) = z Tz~ f{z) = N ~ f{z) ' ~ fefL ' (5 - 13) 



15 



and eq. (2.20) gives: 

[a q ,a q ]f(z) = q N f(z) = f(qz) = /(0 + e) = e^/(0) . 
The E(2) algebra (5.9) is now realized in the momentum space FBR as 



(5.14) 



~[Li,L 3 ]f 


(z) = -i 


L 2 f 


(*) , 


'[L2,L 3 ]f 


(z)=i 





[L 1 ,L 2 }f\(z) = , 

with / e H, and the identifications (see eq.(5.8)) 
z + z 



(5.15) 



Li = 



T Z ~ Z T d T 



2 , L- = z . 



(5.16) 



In conclusion, in this representation [a q ,a q ] is nothing but the e 3 group 
element of E(2). We also note that z n = e m< ^, n integer, is the eigenfunction of 
L 3 associated with the integer eigenvalue n of the number operator in the FBR 



L,^ n = Nz n = nz r 



(5.17) 



We can now construct the CS minimizing the lattice position-momentum un- 
certainty relation. To begin with, by following standard procedures I 21 !'! 23 !, we get, 
in the LQM scheme above, the uncertainty inequalities 



A 2 (x e )A 2 (p £ )>^(cos(fce)) 2 
A 2 (x e ) A 2 (cos(fce)) > ^e 2 (sin(A;e)) 2 



(5.18) 



where (A) = J dk^*(k)A^(k) denotes quantum expectation on the lattice and 
A 2 (A) = (A 2 ) — (A) the (square) variance. Relations (5.18) are written in momen- 
tum space for convenience, and are consequences of eqs. (5.7). The continuum 
limit e — > corresponds to opening the circle into a line. In d dimensions the 
limit e — > 0, would be an isometric and conformal mapping of the torus on the 
plane (decompactification) I 22 l. The states minimizing the uncertainty products of 
eqs.(5.18) must satisfy [21] ' [23] 



(x e + ijp e ) * = A# , 



(5.19) 



where A = (x e ) + i'jipe) , and 7 is connected with the position and momentum 
variances A(x e ) , A(p e ). Relation (5.19) becomes, in momentum space, 



d 

d(ek) 



+ 7 sin(e/c) 



(fc) = -i\V(k) 



(5.20) 
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where A = Ae 1 , 7 = 7c 2 . Its solution is 

tf(fc) = Gexp [7cos(e/c) - zAe/c] , (5.21) 

where the normalization constant G is given by G = 2ne~ 1 I {2^) , I denoting the 
modified Bessel function of the first kind of order 0. Notice that, in the continuum 
limit e — > 0, the Fourier transform ty(x) of (5.21) becomes 

= (7^)"^ exp{- [(2 7 )" 1 (x- (x)) 2 + z(p)(x- (£))]} , (5.22) 

which is just the minimum uncertainty wavefunction given by Schrodinger I 24 l . By 
setting z =< x > +27 < p >, eq. (5.22) defines the usual coherent states t 12 ]. The 
wave-function (5.21) is the coherent state for a system with discretized position 
and momentum or, equivalently, endowed with some periodic constraint. 

Finally, we close this section by showing, as a further application of eq. (2.20), 
that Bloch functions provide a representation of g-WH algebra. The basic obser- 
vation is that the functions z = e 1 ^ and z n play also a crucial role in the Bloch 
function theory t 25 '. Bloch theorem indeed states the existence, in the presence of 
a periodic potential V(x n ) = V(x n + e), of solutions of the related Schrodinger 
equation of the form 

*l){x n ) = e ±ikx -v k (x n ) , (5.23) 

with Vk(x n ) = Vk(x n + e). tp(x n ) is referred to as a Bloch function. Limiting our- 
selves for simplicity to considering the plus sign in (5.23), ip(x n ) has the property 

ij){x n + e) = e lk ^{x n ) = z^(x n ) . (5.24) 

We thus see that the choice of the variable z = e lhe turns out to be natural in the 
case of periodic potentials: 

ip{x n ) = z n v k (x n ) , ip(x n + e) = z n+1 v k (x n ) . (5.25) 
Since z n = (z n ) k , from eq. (5.11) 

q N (z n ) k = (qz n ) k = (e ie e lx -) k = e lke{n+1) = z n+1 , (5.26) 
where q N is understood as defined on T . We thus have in by using eq. (2.20), 

tp(x n + e) = [[ q ,a q ](z n ) k u k ](x n ) = [[ q ,a q }ip](x n ) . (5.27) 

In other words, the condition implementing the Bloch function periodicity features 
is realized by the same operator in the g-WH algebra acting, in the FBR, as 
dilatation. 
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6. Conclusions 

In this paper we have considered the (/-deformation of the WH algebra in con- 
nection with typical problems in QM: discrete and/or periodic systems, coherent 
states, squeezing, lattice quantum mechanics, resorting essentially to the tool of 
finite difference operators. The above examples have been proposed as physically 
relevant representative of systems where (/-deformation plays a role. Such a col- 
lection of applications is not only interesting on its own, but also as a laboratory 
where problems characterized by the common feature of a discrete structure are 
treated in the framework of (entire) analytic functions theory. 

The underlying aim is the "phylosofical" claim that, whenever one deals with 
a quantum system defined on a countable set of degrees of freedom, then one has 
to work in the space of the related analytical functions and the structure of the 
operator algebra is that of a quantum algebra. In this sense, the term deformation 
does not sound as the most appropriate, since (/-algebras provide an algorithm 
of wide physical application, and not an exception for situations deformed with 
respect to a standard one. Moreover, quantum algebras stucture amounts to much 
more than deformation, and in particular we expect that - in the case of (/-WH 
- both the graded structure and the operation of co-product have to be taken 
into account. Such a general philosophy appears to find very concrete preliminary 
support in the results discussed in this paper. 

From the point of view of group theory , we used the well known mapping of a 
(/-algebra into the universal enveloping algebra of the corresponding Lie structure; 
to be specific, the mapping of finite difference operators into functions of differen- 
tial operators, which can be indeed achieved only by operating on C°° functions. 
This was the main reason to work with FBR and to introduce the conformal image 
of both configuration and momentum space in the study of LQM. 

An interesting and natural development, namely the extension from QM to 
Quantum Field Theory by considering the infinite volume limit of the lattice sys- 
tem, leads to the parametrization of the unitarily inequivalent representations of 
the canonical commutation relations by means of the deformation parameter q t 27 l . 
Different values of the lattice spacing are thus described by inequivalent represen- 
tations. In this framework finite temperature and dissipative systems ^ may find 
an appropriate unified description. 

The notion of coproduct, although an essential tool in the discussion of q- 
algebras, has not explicitly entered so far our analysis, in that in this paper we 
have mainly focused our attention on the links between the g-WH algebra and 
several structures of physical interest in 1 — d only. We are aware that a deeper 
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understanding of such links may be achieved by investigating the role played by the 
whole structure of Hopf algebra of the g-WH, that we expect should be essential 
in dealing with systems in higher dimension. This will hold in particular when 
dealing with the generalized definition of theta functions, where the notion of 
mapping class group (connected with the braiding features of the transformations 
of the coherent states manifold) comes into play. 

Work is under progress along these latter directions. 
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